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Abstract

The steric obstruction model, that describes the enhanced alignment of folded proteins by anisotropic medium, is
extended to account for the residual dipolar couplings of chain-like polypeptides. The average alignment of each
chain segment is calculated from an ensemble of conformations represented by a spatial probability distribution.
The segmental alignment depends on chain length, flexibility and segment’s position in the chain. Residual dipolar
couplings in turn depend on internuclear vector directions within each fragment. The results of calculations and
simulations explain salient features of the experimental data. With this insight residual dipolar couplings can be
interpreted to assess the degree of denaturation, local structures and spatial organization of weakly structured
proteins.

Introduction

Residual dipolar couplings (RDCs) are particularly in-
formative NMR parameters for studies of biological
macromolecules in solution (Tjandra and Bax, 1997;
Mueller et al., 2000; Prestegard et al., 2000; Bax
et al., 2001; De Alba and Tjandra, 2002). Most notably
RDCs relate to orientations of chemical bonds with
respect to a molecular coordinate system. RDCs have
been used to determine and refine three-dimensional
structures, to build models of macromolecular com-
plexes from known sub-units (Clore, 2000; Fischer et
al., 1999; Mattinen et al., 2002), to construct three-
dimensional protein models from protein fragments
deposited in the PDB (Delaglio et al., 2000; Andrec
et al., 2001), to study spatial arrangements of modular
proteins (Fischer et al., 1999; Chou et al., 2001), and
to recognize (Annila et al., 1999) and classify protein
folds (Valafar and Prestegard, 2003). For diamagnetic
proteins RDCs are intrinsically small (Tjandra et al.,
1996) but become readily observable and applicable
when anisotropic molecular tumbling is enhanced by
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liquid crystal particles (Tjandra and Bax, 1997; Meier
et al., 2002) or axial polymer matrices (Tycko et al.,
2000). The enhanced alignment due to the obstruction
is a well-understood phenomenon for structured mac-
romolecules (Zweckstetter and Bax, 2000; Bax et al.,
2001; Fernandes et al., 2001), i.e., for folded proteins.

Recently RDCs were also recorded from denatured
proteins (Shortle and Ackerman, 2001; Ackerman and
Shortle, 2002; Ohnishi and Shortle, 2003). However,
the first interpretations were based on an incorrect im-
plicit assumption that only a molecule with a defined
three-dimensional architecture may give rise to non-
vanishing RDCs. It was subsequently shown through
an analytical calculation that the mere structure of
a random-flight chain is sufficient to yield non-zero
RDCs (Louhivuori et al., 2003). To progress in in-
terpreting RDCs acquired from denatured proteins we
have formulated a valence chain model to account
for steric hindrance between residues and simulated
chains of varying flexibility.
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Alignment of a chain

A denatured protein, i.e., an unstructured and flex-
ible molecule, obviously differs from the single-
conformation rigid-body case as there are numerous
conformations present at any given time in the solu-
tion. Here we limit the analysis to conformations that
are in fast exchange with each other. This is the pre-
requisite to acquire NMR observables, because oth-
erwise resonance lines would be expected to broaden
beyond detection. We assume that the polypeptide ex-
periences a purely steric obstruction effect in a liquid
crystal or an axial matrix and that the obstruction itself
does not induce conformational changes.

Consider a rigid segment denoted here with i that
holds two nuclei A and B which will give rise to
residual dipolar coupling Di

AB

Di
AB = Dmax

AB

〈
P i

2(cos θ)
〉
. (1)

The first term Dmax
AB is a constant that includes the

gyromagnetic ratios γA and γB , the length of the in-
ternuclear vector rAB , the Planck constant h and the
magnetic permiability µo. The second term expresses
averaging of Legendre polynomial P2 =1/2(3cos2θ

− 1) where θ is the angle between rAB and the ex-
ternal magnetic field Bo. The brackets 〈〉 denote the
averaging due to the molecular tumbling in the solu-
tion and the overbar ¯¯ stands for the average over the
ensemble of conformations.

To calculate weighted averages over the conform-
ations we introduce a spatial probability density to
describe the ensemble about the segment i. We denote
the spatial distribution of the segments n preceding i
with Wn and likewise the spatial spread of the seg-
ments m succeeding i by Wm. Obviously the segment
i itself aligns as well. It is a rigid body associated with
a probability which is unity within i and zero outside
(Fernandes et al., 2001). The total distribution Wi is a
weighted sum of the probabilities. Next, we note that
when the rigid segment i of a finite length l moves or
reorients itself, also Wn and Wm translate or rotate
in space but do not change otherwise. However, in
the presence of an obstruction, e.g. a plane-barrier,
W i is not invariant anymore as the particular con-
formations that collide with the barrier are excluded
from the solution. Consequently the concentration di-
minishes towards the barrier placed at a position hz

(Figure 1). Most importantly the probability density
is a function of the orientation θ, i.e. Wobs

i (x, y, z,
hz, θ). The tiny orientation-dependent concentration
effect is the source of non-vanishing RDCs even for

the random-flight chain. The effect is larger for stiffer
chains.

Above we have implicitly assumed that rAB is
collinear with i, which gives the orientation of the seg-
ment, and that Bo is also parallel with n, the director
of the anisotropic medium. This specific geometry is
convenient but of course not a general condition. For
each case the explicit relationship between an RDC
value and P2 can be determined from the covalent geo-
metry of the fragment, and the type of liquid crystal in
question dictates whether n || Bo or n ⊥ Bo. There-
fore we proceed to calculate the average alignment for
each segment rather than values of RDCs for partic-
ular internuclear vectors. The normalized integration
over the space where the conformations roam gives the
alignment for each segment i

〈
P i

2

〉 =
∫

P i
2(cos θ)Wobs

i (x, y, z, hz, θ)d�. (2)

Note that the distribution, Wobs
i , that incorporates

the obstruction inflicted upon Wfree
i by the barrier, is

used in the calculation (Equation 2), instead of the
intact free distribution of conformations, Wfree

i . There-
fore it may at first seem as if RDCs would report from
perturbed conformations, which is not the case. In-
stead, it should be understood that RDCs arise from
the ‘examination’ of Wfree

i by the barrier as conforma-
tional changes are explicitly excluded in the definition
of Wobs

i and only differences in the concentrations of
conformations are allowed.

Valence chain model

The steric hindrance between residues in polypeptides
limits the main chain � and � torsions to allowed
regions in the Ramachandran plot. To take into ac-
count the restricted degrees of freedom by a simple
model the polypeptide chain is customarily described
as a valence chain where a subsequent segment is con-
strained to a cone by the valence angle. For an average
amino acid heteropolymer the valence angle is about
36 degrees (Cantor and Schimmel, 1998). Owing to
the free rotations about azimuth angles the original
direction of i is lost after a certain distance referred to
as the persistence length λ. It varies in the polypeptide
depending on the residue types but spans approxim-
ately five residues i.e., λ ≈ 20 Å. A polyglycine is the
softest chain with λ = 6 Å and a polyproline chain
is very stiff with λ = 220 Å (Cantor and Schimmel,
1998).
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Figure 1. Two-dimensional projections of an eleven segment random-flight chain distribution (a), in the vicinity of a plane-barrier when the
segment i points towards (b) and along (c) the plane-barrier at the distance equivalent to +4 segments. The distribution is viewed from the frame
of the third segment i that is placed in the origin. The contours relate to concentration. Note the minute differences between (b) and (c) due to
the different orientations of i.

In the presence of a plane-barrier at a distance hz

with its normal n along z-axis || Bo we define the
valence chain model by the normalized distribution
Wobs

i (Chadrasekhar, 1943; Louhivuori et al., 2003)
as

W obs
i (z, hz, θ, n,N) = n

N+1 W obs
n + m

N+1W obs
m

= n
N+1

{
W

f ree
n − Wbar

n

}
+ m

N+1

{
W

f ree
m − Wbar

m

}
,

W
free
n =

√
2

πCnnl2 exp

[
−

(
z + len

2 cos θ
)2

/2Cnnl2
]

,

W bar
n =

√
2

πCnnl2 exp

[
−

(
2hz − z + len

2 cos θ
)2

/

2Cnnl2
]
,

Cn = 1 + 2
n

n∑
j=1

n

�
k=j

αk,αk = cos φk,

len = (Cn + 1)l/2, N = n + m.

(3)

The value n is the number of segments in the half-
chain before the locus i and m = N − n is the number
of segments succeeding i. Thus the total number of
segments including i equals N + 1. The varying flex-
ibility of heteropolymers is introduced for the two
half-chains by the characteristic ratios Cn and Cm,
which are computed from the locus dependent valence
angles φk analogously to the sum of geometric series
for homopolymers (Cantor and Schimmel, 1998). The
root mean square length 〈r2

o〉 = Cnnl2 is a measure
of the spatial extent of the half-chain. We use le to
express the effective stiffness at the position i that
displaces the half-chain distributions from each other.
The definitions of Cn and Cm reduce to unity and the
effective length le reduces to l for the random-flight
chain (Louhivuori et al., 2003).

The integration is performed only along the z-axis
because the dimensions along x- and y-axis are in our

model not obstructed and not correlated to the distri-
bution along z. The position of i is integrated from −L
+ hz to hz, where L is the distance between two ob-
structions, and hz is integrated to L from the position
where it just makes a contact with le. The θ angle is
integrated from 0 to 2π using the standard sampling
d� = sinθdθ. The integration of exponential distribu-
tion functions extends over the total volume to yield
directly 〈P2〉. For the statistical element the integration
is confined to the restricted volume near the barrier
(Fernandes et al., 2001) where the concentration is
proportional to le(1 − |cosθ|).

Results from homopolymer valence chain models

We have computed alignments of valence chain seg-
ments using Equations 1–3. First we have examined
the effect of chain length and flexibility by calculating
alignments for various homopolymers. The flexibil-
ities were chosen to match the average of a hetero-
polymer chain αk = 0.627, polyglycine αk = 1.195
and polyproline chains αk = 0.186 obtained from the
reported persistence lengths (Cantor and Schimmel,
1998). We also show results for the random flight-
chain, i.e. αk = 0. For comparison we have simulated
the corresponding alignments using the PALES pro-
gram (Zweckstetter and Bax, 2000). An ensemble of
16384 valence chain conformations were generated by
a Python script and submitted for the simulations. The
average RDC for every segment in the chain was con-
verted to the average alignment 〈P2〉 dividing by Dmax

AB

as rAB was chosen parallel to the segment.
First, for all chains the 〈P2〉 values increase from

the chain termini to the central residues (Figure 2).
This reflects the fact that the locus-dependent distribu-
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Figure 2. Calculated (left) and simulated (right) alignments for valence chains comprising N = 5, 11, 21, 41 and 81 segments. The valence
angles correspond to an average polypeptide (blue), polyglycine (green), polyproline (black in separate windows above) and random-flight
chain (red). The bicell concentration was 5% w/v that was taken to correspond to a 760 Å separation of the planes in the calculation. The
‘noise’ in the simulated data is due to the insufficient sampling of conformational space.

Figure 3. Alignment of 21-mer chains obtained from calculations (left) and valence chain simulations (right). The homopolymer (blue) has the
flexibility of an average polypeptide. Variation in flexibility was introduced by incorporating proline (black) and glycine (green) residues at the
positions 13, 13 and 14, and 13–16. The distance between the planar obstructions was 760 Å and the bicell concentration was 5%.

tion is more elongated at the middle of the chain than
at the termini. Second, stiffness leads to an increase in
the alignment as expected. Third, the maximum align-
ment is obtained when the valence chain ensemble has
reached its maximally elongated shape. Thereafter as
the chain becomes longer and longer the distribution
becomes more and more spherical and the values de-
crease. The alignment of average polypeptide does not
display substantial chain length dependence about the
broad maximum around a 20-mer. The homoproline
valence chain is so stiff that not even 80 residues
are enough to reach the maximum. In fact the ho-
moproline P2 is dominated by the alignment of the

effective length le as shown by the calculation (Fig-
ure 2). The homoglycine valence chain is so soft that
it takes less than five residues to reach the maximum
alignment.

There is a qualitative agreement between the align-
ments obtained from the calculations and simulations
as a function of the chain length, residue position,
and flexibility. Especially for the most relevant case,
i.e. the average chain, the correspondence is good.
However, the following reasons could account for the
discrepancies between the calculated and simulated
values. The exponential distribution function used in
the calculation does not represent accurately the bi-
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nomial nature of the short chains. The tails of the
exponentials reach further than the actual chain. Fur-
thermore, to model the flexibility at the locus i we
displaced the half-chain distributions by le instead of
attempting to describe the true course of the chain.
This is a practical but inadequate approximation in
particular for stiff chains. Clearly, in the limit of a
rigid object the exponential distribution function does
not give the step function at the surface of the object
(Fernandes et al., 2001). Finally, it should be noted
that in the calculations the chain segments were impli-
citly taken as infinitely thin whereas in the simulations
the segments had a finite thickness.

Results from heteropolymer valence chain models

To inspect the varying flexibility of a 21-residue poly-
peptide we replaced one, two and four consequent
residues at the positions 13–16 with prolines and with
glycines. The valence chain calculations were carried
out as before. Ensembles of 16384 chain conforma-
tions were submitted to PALES. The simulated RDC
values relate to P2 by a constant that includes Dmax

and the orientation of the bond that was set parallel to
the segment (Figure 3).

The homoproline chain has more than tenfold
higher C∞ than any other amino acid homopolymer.
Indeed the stiffening of the chain at the proline site
manifests as an increased alignment both in the cal-
culations and simulations. Nonetheless, the increase
remains perhaps surprisingly small. The reason is that
e.g. the characteristic ratio for four consecutive pro-
lines, i.e. C4, differs only by a factor of two from
that of the average polypeptide. In longer chains the
relative difference is smaller. As a result the spatial
rms-dimensions of the ensemble, which has a square-
root dependence on Cn, does not increase that much
compared with the average polymer and the align-
ments increase only a little elsewhere in the chain.
Analogous reasoning accounts for the decreased align-
ment at the position of glycines. It takes only two
to three glycines to lower the alignment nearly to
the level of a homoglycine (Figure 2). However, our
simple valence chain model does not take into account
excluded volume effects. The differences between the
calculated and simulated values stem from the use of
exponential functions as before and from the failure to
describe the actual course of the chain.

Results from all-atom models

To relate the valence chain results to more real-
istic models we carried out all-atom simulations with
the corresponding 21-mers. For all-atom polypeptide
models it is instructive to visualize the ensemble of
superimposed conformations by computing probabil-
ity density maps using VMD-Xplor (Schwieters and
Clore, 2002) (Figure 4).

Isodensity surfaces are coarse because the spa-
tial sampling by only 50 conformations is sparse.
Nonetheless the maps serve to illustrate the locus-
dependent distributions. The probability density map
for the most central residue shows an elongated form
which accounts for the larger alignment in the middle
of the chain whereas the more spherical map for the
terminal residue is consistent with the smaller align-
ment. It is also conceivable that the fragmental align-
ments may exhibit rhombicity that is not included in
our chain model.

An ensemble of 16384 21-mer all-atom conform-
ations was generated using CYANA (Günthert et al.,
1997) and relaxed to remove steric conflicts. The fam-
ily of conformations was then submitted to PALES
and the average RDCs were calculated. We sim-
ulated one-bond RDCs for NH, HACA, NCO and
COCA (Figure 5). The values relate to 〈P2〉 by a
factor that consists of Dmax and the cosine squared
of the average orientation of a particular bond with
respect to the fragmental alignment. The couplings
from the homopolymer were normalized to DNH by
the gyromagnetic ratios and bond lengths.

The RDC data from the all-atom simulations of
the glutamate homopolymer follow mostly curves sim-
ilar to those calculated and simulated for the valence
chains but contain noteworthy details. First, it is evid-
ent that the various bonds probe various average ori-
entations. A mere inspection of the values reveals that
the HACA bonds are mostly perpendicular whereas
the COCA bonds are mostly parallel with respect to
the average local course of the chain. The NCO bonds
are closest to the magic angle where RDCs vanish.
Second, the various couplings probe the alignment
within a residue. This is easiest to notice when com-
paring e.g. the values at the chain termini. The NH
values at the N-terminus are smaller than at the C-
terminus because within the first residue the amide
pair is closer to the chain terminus than in the last
residue where it is followed by the alpha carbon, side
chain and carboxyl group. Analogously, the COCA
values are larger in the N-terminal than in the C-
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Figure 4. Probability density map of 50 conformations of 21-mer homoglutamate superimposed on the backbone atoms of residue number 1
(left) and 11 (right).

terminal residue. The corresponding HACA values are
nearly equal because alpha carbons are in the center of
a residue.

The heteropolymer containing prolines displays in-
creased HACA couplings consistent with the increase
in the alignment expected on the basis of the valence
chain models (Figure 3). This stiffness, which results
in a smaller dispersion of conformations, may be the
very property why proline-rich sequences appear in
molecular recognition motifs (Zarrinpar et al., 2003).
However, the COCA and NCO couplings display large
variation that must arise from a zig-zag course of the
chain. This is not easily realized from the HACA data
alone. Obviously an analysis of local structures would
benefit from a number of RDCs acquired per residue
(Permi et al., 2000).

Perhaps the most flagrant dissimilarity between the
all-atom and valence chain models is that the RDCs
from the glycine-rich region do not show diminished
alignment. The COCA data follows nearly the ho-
mopolymer values and the other RDCs show even
increased amplitudes. To explain this we reason that
the particular conformations with tight turns would
diminish the alignment most. However, even if gly-
cines allow for tight turns, the half-chains may exclude
each other. Consequently, these conformations are
not abundant in the all-atom ensemble and the align-
ment does not drop. The variation in the RDC values
compared to homopolymer may reflect that glycines
allow for average bond orientations not present in the
glutamate homopolymer. The similar values for the
two HACA bonds of glycine residues indicate that
they are symmetric about the average local course of
the chain.

From the all-atom simulations we infer that the
alignment varies rather gradually over the polypeptide
chain even in the presence of most rigid and most flex-

ible fragments due to prolines and glycines. Therefore
any abrupt variation in the average internuclear dir-
ections for adjacent residues is the primary source of
sudden deviations in RDCs.

Discussion

In this study it is shown that the spatial distribution
of the conformational ensemble and directions of the
internuclear vectors in molecular fragments dictate the
values of the residual dipolar couplings. This implies
that it might be possibile to interpret RDCs from an
unstructured protein in terms of an ensemble shape
and a local structure. However, a mere inspection of
the functional form of RDC (Equation 2) reveals that
the interpretation is an underdetermined inverse prob-
lem. In practice it is difficult to acquire abundantly
non-redundant RDCs per a rigid fragment i.e., the pep-
tide plane or Cα-center to determine accurately the
average fragmental alignment frames.

Fortunately, even in the case of an unstructured
polypeptide, the inherent difficulties in the inverse
problem are largely compensated by the properties
of the polypeptide chain itself. The fact that there
are about three degrees of freedom per a polypeptide
residue is often quoted to result in an astronomical
number of degrees of freedom for the entire mo-
lecule (Levinthal, 1969). To us the small number
of degrees of freedom per residue implies that sub-
molecular fragments are coupled to each other. Pre-
sumably the resulting stiffness is a valuable property
for a polypeptide to adopt well-defined protein folds.
For the interpretation of RDCs the stiffness implies
that the consecutive fragmental alignment frames do
not change abruptly. The concept of semi-continuous
frame is supported by the examples presented above.
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Figure 5. RDCs of 21-residue polymers obtained from all-atom simulations; homoglutamate (blue) and heteropolymers containing proline
residues (black) and glycine residues (green). The HACA and COCA (left) and NH and NCO (right) values were scaled by the absolute value
of gyromagnetic ratios and bond lengths to correspond the amide nuclear pair. The bicell concentration was 5%.

Therefore any sudden change in the value of a par-
ticular RDC in any adjacent residues is mostly due to
changes in internuclear vector orientations just as it is
in the case of a folded protein. This leads to a grati-
fying conclusion. To a first approximation RDCs from
neighboring residues, with appropriate weights, i.e.,
αk , can be used to estimate the size of the alignment
and to construct average fragmental alignment frames
to which the average bond directions can be related to.

The ensemble shape, viewed from a locus, is a sur-
prisingly useful notion to calculate ensemble averages
although it is obviously a very poor description for any
individual chain. The most important characteristic of
the ensemble is its elongated form. The magnitude of
alignment is determined by the overall size and shape
of the ensemble about the locus. It is conceivable that
computer simulations will serve to create families of
conformations and to refine them to match measured
RDCs. Such a search for a representative ensemble
would certainly benefit from additional data, e.g. from
diffusion (Choy et al., 2002), relaxation (Schwalbe
et al., 1997), scattering (Garcia et al., 2001) or fluor-
escence resonance energy transfer measurements, to
constrain the distribution.

In summary, residual dipolar couplings provide
valuable information from denatured proteins or
weakly structured polypeptide chains, e.g., conform-

ational ensembles of amyloidogenic peptides, with the
detail of an amino acid and beyond. The interpretation
of RDCs is based on the following guidelines. The
overall shape of the conformational ensemble, per-
ceived at the locus where an RDC is measured, largely
determines the magnitude of the alignment. The align-
ments of neighboring fragments vary smoothly. Vari-
ation in RDCs is mainly due to deviations in the
internuclear vector directions and to lesser extent due
to variation in the chain flexibility. Abrupt changes
in RDCs between adjacent corresponding internuclear
vectors should be attributed to differences in inter-
nuclear vector orientations rather than to substantially
different fragmental alignments. However, more de-
tailed data than published to date (Ackerman and
Shortle, 2002; Ohnishi and Shortle, 2003) and prefer-
ably from well-characterized polymers will be needed
to evaluate the details of the presented results. For
example, the diminishing alignment at the chain ter-
mini, which is inherent in the presented analytical and
simulated models that do not allow for conformational
changes remains to be challenged.
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